Abstract: Let G be a simple graph with n vertices. The rank of G is the number of non-zero eigenvalues of its adjacency matrix and denoted by rank (G). In this paper, we show that if rank(G) = 2, then zero forcing number and maximum nullity of G are equal to n − 2. If rank(G) = 3, then zero forcing number of G is equal to n − 2 but maximum nullity of G is equal to n − 3. Also, we introduce some graphs with rank of 4 such that these two parameters are equal.
PUBLIC INTEREST STATEMENT
Zero forcing number is one of the interesting research areas in graph theory. It is an upper bound for maximum nullity. The notion of a zero forcing number was introduced by the well-known mathematicians "AIM Minimum Rank-Special Graphs Work Group". The zero forcing set of graphs has been used in order to study the controllability of quantum systems.
According to elementary linear algebra, we have mr(G) + M(G) = |G|.
The notion of a zero forcing set, as well as the associated zero forcing number, of a simple graph was introduced by the "AIM Minimum Rank -Special Graphs Work Group" in (2008) . They used the technique of zero forcing parameter of graph G and found an upper bound for the maximum nullity of G related to zero forcing sets. Let each vertex of a graph G be given one of two colors, "black", and "white" by convention. Let S denote the (initial) set of black vertices of G. The color-change rule converts the color of a vertex from white to black if the white vertex u 2 is the only white neighbor of a black vertex u 1 ; we say that u 1 forces u 2 . A sequence obtained through iterative applications of the color-change rule is called a forcing chain. The set S is said to be a zero forcing set of G if all vertices of G will be turned black after finitely many applications of the color-change rule. The zero forcing number of G, denoted by Z(G), is the minimum of |S| over all zero forcing sets S ⊆ V(G). For more results (see Berman, Friedland, Hogben, Rothblum, & Shader, 2008; Edholm, Hogben, Huynh, LaGrange and Row, 2012; Eroh, Kang, & Yi, 2017; Fallat & Hogben, 2007) .
The following question has been raised in AIM Minimum Rank, (2008) .
"What is the class of graphs G for which M(G) = Z(G)? " Amos, Caro, Davila, & Pepper in (2015) ,
(the maximum degree of a graph G, denoted by Δ(G)). Also, they posed the following conjecture: Leiaho (2016) , proved this conjecture.
We denote the complete graph on n vertices by K n . A complete k-partite graph is a graph whose vertices are or can be partitioned into k different independent sets and there is an edge between every pair of vertices from different independent sets. It's denoted by K a 1 ,…,a k . The rank of G is the number of non-zero eigenvalues of its adjacency matrix and denoted by rank (G) . A subgraph H of G is called induced, if for any two vertices u, v in H, u and v are adjacent in H if and only if they are adjacent in G.
In this paper, we prove that if G is a graph with n vertices and
Also, we obtain M(G) and Z(G) for some graphs with rank equal to 4.
Preliminaries
Theorem 1.1 AIM Minimum Rank (2008) Let G = (V, E) be a graph and Z ⊆ V be a zero forcing set. (2008) For each of the following families of graphs, Z(G) = M(G).
1. Any graph G such that |G| ⩽ 6.
2. K n , P n , C n .
3. Any tree T.
Main results
Notation: Here, A is the adjacency matrix of graph G and R v denotes the row which is corresponding to vertex v. Theorem 1.6 Let G be a graph with n vertices and rank
and
Without loss of generality we assume that two vertices v 1 and v 2 are adjacent.
It's clear that the induced subgraph on each V t has no edge and each vertex of V 1 is adjacent to each vertex of V 2 . Hence, G is complete bipartite graph.
It's well known that Z(G)
✷ Lemma 1.7 Let G be a graph with n vertices and rank(G) = 3. Then, G has K 3 as a subgraph.
Proof It's clear that the rank of each bipartite graph is even. So G is not bipartite. Let H = C 2l+1 be the smallest odd cycle of G. Thus, G has H as an induced subgraph. If l ⩾ 2, then P 4 is an induced subgraph of G. So rank(P 4 ) ⩽ 3 and it is impossible. Therefore, l = 1 and so G has K 3 as a subgraph. ✷ Theorem 1.8 Let G be a graph with n vertices and rank(
Proof Let us first show that if rank(G) = 3, then G is a complete tripartite graph. By Lemma 3.2,
Without loss of generality, we assume that the induced subgraph on the vertices
Since rank(G) = 3, for each 4 ⩽ i ⩽ n, there are real numbers x, y and z such that
, which is impossible. Therefore, exactly one of them is 0 and so R v i is equal to one of
It's clear that the induced subgraph on each V t has no edge and each vertex of V i is adjacent to each vertex of V j for i ≠ j. Hence, G is a complete tripartite graph. So G ≅ K a 1 ,a 2 ,a 3 , and Z(G) = n − 2. In the next theorem, we show that the following graphs satisfy the condition Z(G) = M(G) which Chang, Huang, and Yeh (2011) showed that the rank of these graphs is equal to 4.
Theorem 1.9 For each of the following graphs, Z(G) = M(G):
Proof Note: In these graphs, rank(
(1) Let Z be a zero forcing set for G 1 such that Z(G 1 ) = |Z| and n = |G 1 | = t + 3. By Lemma 2.2,
Then, C = {v 1 , … , v t−1 } will be a zero forcing set for G 1 , but this is not true, because the vertex c has two white neighbors and the forcing process will be stopped. So Z(G 1 ) > t − 1. Thus, C ⊂ Z. Now, let S = C ∪ {a} such that each vertex in S is black. Then, a forces b. Since the only white neighbor of c is v t , c forces v t . So S is a zero forcing set for G 1 . Hence, |Z(G 1 )| = t = n − 3. Since G 1 is a tree, by Theorem 2.5, M(G 1 ) = n − 3 = Z(G 1 ).
(2) We define B 2 as follows:
} be a set whose all vertices are black. So S is a zero forcing set for G 2 . Hence,
Let S = {d, v 1 , … , v t } be a set whose all vertices are black. So S is a zero forcing set for G 3 . Thus,
(4) We define B 4 as follows:
} be a set whose all vertices are black. So, S is a zero forcing set for
(5) We define B 5 as follows:
} be a set whose all vertices are black. So S is a zero forcing set for
(6) We define B 6 as follows:
} be a set whose all vertices are black. So S is a zero forcing set for G 6 . Hence, Z(G 6 ) ⩽ t + 1 = n − 3. Therefore, M(G 6 ) = n − 3 = Z(G 6 ).
} be a set whose all vertices are black. So S is a zero forcing set for G 7 . Hence, Z(G 7 ) ⩽ t + 1 = n − 4. Therefore, M(G 7 ) = n − 4 = Z(G 7 ).
(8) We define B 8 as follows:
(9) We define B 9 as follows:
} be a set whose all vertices are black. So S is a zero forcing set for G 9 . Hence, Z(G 9 ) ⩽ t + 2 = n − 3. Therefore, M(G 9 ) = n − 3 = Z(G 9 ).
(10) Since rank (G 10 
be a set whose all vertices are black. So S is a zero forcing set for G 10 . Hence, Z(G 10 ) ⩽ t + s − 1 = n − 4. Therefore, M(G 10 ) = n − 4 = Z(G 10 ).
(11) We define B 11 as follows:
} be a set whose all vertices are black. So S is a zero forcing set for G 11 . Hence,
(12) We define B 12 as follows: G 12 )�{c, v t , u s } be a set whose all vertices are black. So S is a zero forcing set for G 12 . Hence, Z(G 12 ) ⩽ n − 3. Therefore, M(G 12 ) = n − 3 = Z(G 12 ).
(13)
Since rank(G 13 ) = 4, M(G 13 ) ⩾ n − 4. Also, n − 4 ⩽ M(G 13 ) ⩽ Z(G 13 ). Let S = {a, b, v 1 , … , v t−1 , u 1 , … , u s−1 } be a set whose all vertices are black. So S is a zero forcing set for G 13 . Hence, Z(G 13 ) ⩽ t + s = n − 4. Therefore, M(G 13 ) = n − 4 = Z(G 13 ). ✷
